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AN ELEMENTARY EXPOSITION OF OBASSMANN'S "AUSDEH- 
NUNGSLEHBE/' OB THEOBT OF EXTENSION. 



Grasstnahn's Ausdehnungslehre is one of the few great works of mathematics 
of the nineteenth century. Appearing first in 1844 and rewritten in 1862, it is 
only within the last decade or two that it has received a tardy recognition. One 
reason for this is found in the difficulty of the subject itself, being unlike other 
mathematics; and another, in the rigorous methods of presentation adopted by the 
author. In the Ausdehnungslehre of 1862, following some 160 pages of theory, 
the author for the first time gives his subject concrete form by applyinghis method 
to geometry. The theoretical part is naturally the more difficult, while the'appli- 
cation to geometry is the more interesting. Hyde, in his Directional Calculus, 
purposing to present the Ausdehnungalehre to American readers, cut the knot of 
the difficulty by taking the results of the theoretical part for granted and giving 
only the application to geometry, and by limiting his treatment to two and three 
dimensional space. 

An elementary exposition which will give the simpler portions of the the- 
oretical ^art as well as the applications of the theory seems to be needed. Such 
an exposition should serve the needs of two classes of readers : first, of those who 
would like to have a good general idea of the subject without going very deeply 
into its particulars; and secondly, of those who, expecting to make a thorough 
study of the subject, wish first to read an introduction to it. To meet this want . 
the following pages have been written. In some places for the purpose of mak- 
ing the subject clearer, changes have been made, but wherever they have been 
introduced, attention is always called to them. 

CHAPTER I. 

INTRODUCTION. 

1. In elementary mathematics only one kind of unit is admitted, or at 
most two, viz., 1 and jZ—l. In the Theory of Extension besides the absolute 
unit of arithmetic and algebra, extensive quantities appear. The extensive 
quantities are different in nature from the absolute unit and different from each 
other. As a simple example of an extensive quantity we may nenne a, vector (§3). 

2. A Scalar quantity is a quantity of elementary mathematics, {. e., 
a simple number, either positive or negative. 

3. A Vector is a straight line whose length and direction are fixed but not 
its position. Thus any two parallel and equal straight lines may represent the' 
same vector. A vector gives the relative position of one point with reference to 
another, viz., a certain distance in a certain direction. 
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4. Vectors can be added and ^ubtrpeted. 

Thus if €^ is the vector from to ^ and s^ the vector from A to B, the 
sum of f J and e^ is f,, because translation from to ^ along the straight line 
OB is equivalent or equal in the vector sense, to translation along OA and AB, 
Thus, 

Transposing, we get 

Interpreting this equation we see that translation along f^ followed by 
translation along f ^ ^^< ^^^ negative direction is equal to translation along €^ . 

The sum of any number of vectors may evidently be found in the same 
way. Thus, in the figure ' 

r 

, Stated generally, we have 

The sum of any number of vectors is found by 
joining the beginning point of thfi second vector to the 
end point of the first, the beginning point of the third to the end point of the second, 
and so on; the vector from the beginning point of the first vector to the end point of 
the last is the sum required. 

The sum and difference of two vectors are 
the diagonals of the parallelogram whose adjacent 
sides are the given vectors. 

Or, more explicitly — 

(1). The sum of two vectors going out from an 
origin and forming two sides of a parallelogram is 
that dianonal of the parallelogram which passes through the origin. 

(2). The difference of two such vectors is that dianonal which proceeds from 
the end of the subtrahend vector to the end of the minuend vector. 

5. Vectors and line segments give us simple examples of extensive quan- 
tities. We proceed to show how lines and vectors can be used in a system of 
coordinates. 

6. The simplest case of this is where a point is located on a given line. 
Let p denote any given line, and let bean 
origin on it. Let further x be a scalar. 
Then by giving the proper value to «, xp 
will locate any point P whatever on the 
line. Here p is to be regarded as an extensive quantity since it denotes not a 
number but the position and length of a line. 

7. The next simplest case of coordinates is that in which a point is located 
in a plane by means of two vectors. 





Let 0, the origin, be a point is the given plane, and c, and c, two unit 
vectors in this plane. 

Then, by making 



where a: 

and r=length of p, the point P may be located at 

any point of the plane. Here c,, t, and p are extensive quantifies, and X| and 

X( are scalars. 

8. In ppace we may have a similar 
system coiitaininfi; three vecuirs. Thus, if 



by assigning vahiea to x,, j-,, and x,, P as 
Ihe extremity of /• may be located at any 
point in space. 

9. In the same way we can have a 

system including four vectors. Thus, if P is any puint, *,, t,, tj, €, are four 
unit vectors, and 

_p yramidP — fi />e pyramidP— ^ DC 

' pyramidji— BDC* ' py ram'id B— ADC 

etc, wp havt the ei(UHti<in 

i. e. translation along «, a distance equal to x,, followed by transilatian along e, 
a distance equal to x,, and so on, is equivalent to translation from to P direct. 
A geometrical proof of the truth of this can be given, but it is not thought neces- 
sary to insert it here. 

Remark. In the preceding the t'e in a certain sense denote dimensions. 
Then the ajujce considered in this last article is of the/ourf/i order. 

CHAPTER II. 

ADDITtON, SUBTRACTION, MUI.TIPI.ICATION, AND DIVISION OF EXTENSIVE QUANTITrES. 

10. Definition. A quantity is said to be independent when it can not be 
expressed in terms of others. A quantity is said to be dependent when it can be 
numerically expressed in terms of others, i. e. as a pum formed out of numerical 
multiples of these quantities. 

Thus if a,, aj are extensive quantities, and a,, «■, are 



real numbers, positive or negative, and 



a is said to be a dependent quantity and to be ^vuviericaUy erpressed^ in Cerms of 

11. A quantity a, is a Unit if it can serve along with other like units, aj, 

ttg, to give a series of numerically derived quantities, a A unit is 

said to be original if it is not derived from other units. A set of quantities which 
are independent, i. e., no one of which is numerically expressible in terms of 
one or more of *the others is called a System of Units, provided any number of 
other quantities can be expressed in terms of them. 

As an illustration of such a system we may take the set of units given in 
Art. 8. There €,, c,, C3 are a set of quantities which are independent because 
any sum formed out of multiples of e^ and e^ can never be a quantity like c,, 
since any sum formed from e, and c^ would he a quantity in the plane of these 
two (7) while cg is outside of this plane. Moreover, any number of other quan- 
tities, />'s, can be derived from c,, cg, €3. 

12. Definition. An Extensive Quantity is a quantity numerically deriv- 
ed from a system of units. If an extensive quantity can be derived from the 
original units it is called an extensive quantity of the ^irst kind. 

13. Definition. Quantities from the same system can be added (or sub- 
tracted) by adding the numerical coefficients of the same units. Thus 

where the a's and /S's under the summation signs are numbers, and the e's are 
extensive units. We may add here that in the Ausdehnungslehre the distributive 
law is always assumed to hold. 

Remark. To remove ambiguity it will be understood that all indicated 
operations are performed as one comes to them from the left. Thus a 4 h+c 
means (a-f-6)+c, and abc means (ab)c. 

14. The following formulas underlie and justify all thie operations involved 
in addition and subtraction in algebra. They follow directly from the definition 
in 13. 

(1). a+b-^b-^-a, a commutative law in addition and subtraction. 
(2). a+{b-{-c)^^a-\-b-\-c^ associative law in addition and subtraction. 

^.^' ^^i^lZI^ [ oppo«iie character of addition and subtraction. 

Hence all the laws for addition and subtraction of algebraic numbers hold 
also for extensive quantities. . 

15. Definition. When an extensive quantity is multiplied (or divided) 
by a number each of its coefficients is multiplied by that number. 

Thus 

%nte.,3='S,{a,3)e. 



Remark. If a is an extensive quantity and a a number, then in aa or 
an' the numerical factor is the multiplier and the other factor is the multiplicand. 

16. From Art. 15 we infer the following formulas : 

(1). aa=aa, 

(2). aiSr=a(,i3r), 

(3). (a+h)r=ar+br, 

(4). aOS-hr)-=ay5+ar, 

where, as heretofore, the Greek letters denote real numbers and the Roman let- 
ters, extensive quantities. "From these formulas it follows — 

Thai all the laws of multiplication and division of algehrnic quantities hold 
also for extensive quantities multiplied or divided by number^. 

17. Definition. The totality of quantities which are derivable from a 

series of extensive quantities, a^, a^, a^, a„ is called the Space of those 

quantities. A space which can be formed out of not less than n such quantities 
each of the first kind (12) is called a space of the nth order. 

18. Definition. If every quantity of a space (A) is at the snme time a 
quantity of another space (5), while the converse is not true, then the spaces are 
said to be incident : the first is said to be subordinate to the second, and the sec- 
ond, to include the first. 

19. If n independent quantities a, *. a„ can be numerically expressed in 

terms of n other quantities b^ &„, then is the space of the first quantities iden- 
tical with that of the last quantities. But if the n quantities a, a„ can be ex- 
pressed in terms of less than n quantities b^ f)„, then a, a» are not in- 
dependent, a7id some of them can be numerically expressed in terms of others, 

20. Two quantities of a space of the nth order are equal to each other when 
and only when their 7iumerical coefficients of the same units are equal. This is an- 
alogous to the algebraic theorem which says that two complex numbers are equal 
only when their real parts are equal and also their imaginary parts. 

21. If the coefficients Xy . . , .Xnby which an extensive quantity x is expressed 
in terms of the units e^ ... .en satisfy an equatio7i of the mth degree f{x^ . . . .Xn)=0, 
then the coefficients y^  - * ^yn by which x is expressed in terms of a^ . . .an of the 
same ipace also satisfy an equation of the mth degree, and if the first equation is 
homogeneous, the latter is also. 

Proof. Let aj=5^,r^ri Then we have 



X^e^+X^ei + =3/l2^,r«r+3/«2a'.^r^r-|- =%r^rl.C,+2l/r'»'r,5.C8 + . 



.-. a:^=%r«'r,, X2=^yr(Xrz, 



. fArt. 20). 



But if these values are substituted in/Ca:^, Xn)--^^ we get an equa- 
tion of the mth degree in i/,, i/g, , and, indeed, homogeneous if the first 

equation is homogeneous. 



CHAPTER III. 

MULTIPLICATION OF EXTENSIVE QUANTITIES. DIFKERENT KINDS OF MULTIPLICATION. 

22. In the nniiltiplicatiiin of exleiisive quantitieB expressed in tertii^ of 
unite, it is SBSumed thm the distributive law holds, and that numerical cneRi- 
eients may be treated as in elementary alKebm (Iti). 

Thus if a^'S'^rfr and 6=S,J,e, are two extensive quantities in which it and 
,3 are numbers and the e's are extensive vvUh. we may write 

„b.-=[2rr,^.2,V.]=S.r„i,[/^,], 

that is to say. in the result each term of the multiplier is multiplied inln every 
term of the multiplicand, and the partial products are added. 

Nutice that the law is assumed to, hold (inly when the two fiiclnr.'oire sums 
ai itniu. -In the Iheurcms which follow it is shown that the sum e law applies 
when the factors are sums of i{umilitie». 

23. Before going on to the proofs of these theorems, we will illiislrate llie 
question involved by an example. (See Art. W), 

Let 

/•,^r,,e,+r,, «,+!,,*■,+ 

l',=r,,f,+r^^€,+T,^e,+ 



'./'. +-V'* + - 
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It is to be shown, then, that if /'i/'j=Sr,,r,,[<^,]. n6=Sff„J,(/v,]. 

The proof will be based on the deliiiitions laid down and the theorems 
proved in the last chapter. 

Remark It should be kept in mind in Articles 2"! — 30 that <r, ,i, I 

denote numbers, the e's denote extensive vniu (II), and n,h, denote ex- 
tensive quajilities {12). Square brackets are used to indicate thai the quantities 
inside are extensive quantities whose product is required. 

24. To show that lS.y^f^.b] = '2,tr^[erh]. r. e.. to show lliat in multiplying 
Sir^T by h each term of Srr^r is multiplied by b. 

Proof. Let fe = 2,V.- Then 

[ S 'r,f ,. b]=[^"rer . Xi.e.] - 2«rti.[«>,] ( 22 ) 

=«,S,*.[e,e.l+".2,S.[«.(,] + (15) 
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25. To show that [(a-f ft+ ... )p]=[ap']+U>p] + 

[p(a+h+ .... )]=[pa] + [pft]-t- 

Proof. Let a=S^r^r, fc=Si?r«r Then 

[{0 + 6+ .... )p] = [(Sa'rfr+S,3rer+ • • • • )p]=[.^{«r + fir+  )frP] • • • ( 14) 

^2(^^+/5,+ .... )[«r7>] (24) 

^%lotrtr p] 4- S[y5rer.p] + (H, 24) 

26. To «AoM? ifcot [(ara)6]=a[a6], and [fc(aa)]=a[6a]. 
Proof. Let a=Sr^r. Then 

^zSacr^Cerft] (24) ^a{%ot^^,h-\ (16, 24) =a[a6]. 

The other formula is obtained by making 6 the first factor in the above 
proof. 

27. To show that [{aa+iSb+ )p]=ot[np]+/i[bp]+ 

and [p(«a4-/^bH- )]=«[pa]+<^[p&]+ • • • • 

Proof. [{cra+iSb+ .... )p]=[(aa)p] + [(^6)p]+ (25) 

=or[ap]+iS[bp]^ (26). 

28. We are now in position to show that the distributive law holds when 
the two factors are sums of multiples of extensive quantities as well as when 
they are sums of multiples of units. ' 

Proof. [Sa'rar.2/5A]=:Sa'^[a^.S/^A] (27) 

=2<26,[oA]) (27) =2M,[oA] (16). 

This theorem holds also for any number of factors, as can be shown by 
mathematical induction. 

29. Let us denote a product containing a number of factors, a, 6, 



by/*a,6 In such a product suppose a factor p equsA^ qn+rb-\- where 

9, r, .... are numbers ; to show that 

f^qa^rb^ ^^q.Pa-^ T.Pbi- 



Proof. However the product may be made up, we can always regard p 
as combined with another factor, then this product with other factors in turn. 
Id each of the multiplications in which p enters as one factor Art. 27 applies. 

30. To show that Pqa,rb.»c -=qr8 Pa,b,e 

Proof. By 29, Pga=q Pa Then 

-* 70, rbt »e ^^^9* "a, r6, $e =qT8 .... la^ 6, « 



It evidently follows that Pqa, ra=Pra, qa- 

31. Different Kinds of Mvltiplication. — Different kinds of multiplication 
are obtained by laying down different laws for simplifying a distributed product. 
To illustrate : — 

In ordinary algebra the result is simplified by supposing e^e^-=e^e^. The 
result in this way becomes 

«, /^, «i* + (o'l /5g -I- a^{i^ )e, e, +of^^t^i , 

or, say, m^e^-^m^e\e^-i-m^e^ , where the wi's are numerical coefficients. 
(2) Similarly, writing three factors, we get, 

by supposing, as in ordinary algebra, that 



{€• ^e^e^ — ^1 ^2^1 — ^2^1 ^1 
1 ^28 '~~^' 81 2 "~~"* 221 



Here the assumed law of simplification reduces a product which would 
otherwise have eight terms to one of four. 

(3) The law of simplification in quaternions (which is a branch of mathe- 
matics using a certain kind of extensive quantities) may be seen by multiplying 
together two factors of three terms each. 

Thus, (fl',c,+n'2«2+«^8«x)('^«i+/^2«2+/^8«s) 
by supposing «,*=f8*=«3'=--l, e,c,~C3, e^e^=e^, and ev^e^--e^. 



32. Definition. A multiplication is said to be linear when the same laws 
of simplification of the distributed product continue to hold when numerically 
derived quantities (10) replace the given units. 

83. To show that there are hut four kinds of linear multiplication. 

Let 

(a) l,ars[ere,]=0 • 

express a simplification law in the product 2^^r<^«[er««] . 

Let, now, Cr be replaced by Sx^, ««« and «, by Sx^e^. We thus get 

whence, Sflr„5xrtta;,p[e„erl =0, (28), 

or, %ar^ruX„[euev\'^0. (16). 

This equation is symmetrical in r and s and u and v and evidently will 
continue to hold true when these letters are interchanged. This gives 

Adding the last two equations, we have 

( b ) ^XruX,r>{ «'«[<'«« J -f or,r[ereu] } -0. 

Equation (&) may also be gotten by multiplying S^rta^ru^jvC^K^^v] by 2 and 
arranging the result with reference to equal coefficients, {XrvXtx,). This derivation 
shows (6) to be a necessary, and not, as might appear, an arbitrary inference 
from the given equation. 

Now from the nature of the case the coefficients x^u, Xgf, must be capable of 
having any values, as would the x's in Articles 6 — 9. If we assume that the 
prod%ici8 XruXgv are arbitrary, then from the theory of equations we have 

( C ) trra [euev] + ^'ir [«!»««] = 0, 

true for all values of r and s and u and v.* 
If we put u=v in (r) we get 

(d) ( ^re 4- a^r) [««««] =0. 

This equation is satisfied either by assuming (1) a'ya+a'„.=0, t. e., tr„= 
— agr\ or, by assuming (2), [ettej=0. 



^Orassmann'B derivation of (o) doea not assnme that the products xruxav are arbitrary. The writer 
gave another demonatration which does not assame this before the Mathematical Section of the American 
Association for the Advancement of Science, 1899 meetlner. Though somewhat simpler than Qrassmann's 
proof, it wonld add materially to the length of this article. 
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(1) If a'r«=-- a'«r, and we make this substitution in (c), tiiere results 

^y^i [c«ej - [«re«] } =0. 

, In this equation either a'r»=0, or [e»eJ=^e„Ct«]. If «'r»=0, all the coeffi- 

cients reduce to zero) and equation (a) vanishes identically, which is contrary to 
hypothesis. If 

ie) [e„ej — [«^cj=0, or [^««J=[«re«], 

we have the law for a form of multiplication of extensive quantities which is an- 
alogous to ordinary multiplication in algebra. See Art. 31, (1). 

(2) If we say [e«ett]=0, it is equivalent to making in equation (a). a„=l, 
and all the other coefficients equal to 0. Making this substitution in (c), we get 

which implies [«ttej=0, as may be seen by making u=v in (/). 

We have seen that equations (e) and (/) are neciessary conditions in order 
that a multiplication may be linear. That they are sufficient conditions may be 
seen as follows : If we start with 

(a) [eres]±[eser]=0, 

and substitute as above we get 

{C) [erCs] ± [esBr] =0. 

Hence, by definition, (82) (e) and (/) give linear multiplications. 

We have then four kinds of linear multiplication, viz : 

1st. That in which there are no simplifying equations. 

2nd. That in which all the products vanish. 

3d. That whose law of simplification is [c««J=[gv«ii]. 

4th. That whose law of simplification is [<'««*]=—(«»€«]• 

As between (e) and (/), the latter gives the simpler species of multiplica- 
tion. To see this let us take the distributed product in (1) Art. 31. Equation 
(6) reduces the product, as we saw in that Article, to three terms. But taking 
(/) as the simplification law, we get a single term, viz., («i/5, — aji9, )«,«,. 

34, The Ausdehnungalehre concerns itself very largely with the operation 
of multiplication, especially with what is called combinatory multiplication. 
This multiplication is based on the law described in the last Article, viz., 
e^ej=— c,er , which also implies Cr er=0. 
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. CHAPTER IV. 

COMBINATORY MULTIPLICATION. 

« 

85. Definition. A product containing only units of the same system as 
factors and such that if the last two factors (called simple factors) are inter- 
changed the sign of the product is changed is called a combinatory product. 

Thus if i5 (not equal to 0) is a product of units, and 6,, eg are units, and 

the product [^e^^j] is a combinatory product. 

36. In the combinatory product [Abe] in which A is any product of a series 
of factors and b and c are simple factors if b and c are intercKanged, the sign of the 
product is changed. 

Proof. 1. Suppose b and c at first to be units. Since A is any series of 
factors and these factors are numerically derivable from the units, we may write, 
after removing the coefficients (by 28), A=^arrEr, where Er are products of the 
units. Substituting 

[Abc]+ [A cb]=[^frrEr, he] + [So'^iS^r. cb] =5 yr[Erbc] -h Xar[Ercb] (29) 

='S,a^{[Erbc] + [ErCb]} (16, 11)=0 (36). 

2. Next supposing b and c to be not units but numerically derivable from 
them. Let 6=2,3^^<?r* ^=2/'r^r- Then 

[A hc] + [A cb]=[A . X^rer- ^rrCr] + [^ • ^Trer- X'Vr] 

=2,9,r,[^e,fjJ+2rA[^e,e,] (28) 

=S,V*{[^er^J+[^^-«r]} (16) =^0 (by 1 above). 

37 In a combinatory product one can interchange any two successive simple 
factors providing the sign of the product be changed, that isto say 

[AbcD'] + [AcbD]=--0, 

where A and D are any factor series^ and b and c are simple factors. 

[Abcd] + [AcbD'\=[{Abc} D]+[{Acb} D] (13. Rem.) 

=[([Abc]'\-[Acb'i)D]{2b) =0 (36). 

38. In a combinatory product ove can interchange any two simple factors by 
changing the sign of the product. 
Thus, Pa,b^—Pb,a 



. \ ' 
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Proof. Suppose n factors lie between a and b. Then n interchanges of 
adjacent factors will bring b into position next to a. After that n-fl interchanges 
of a w^ith adjacent factors will put b in a's place and a in b's place. Thus there 
would be 2n-\-l, or an odd number of changes of sign (37). Hence, 

39. Definition. If each of two series of quantities contain a and bonce 
and but once and a stands before b in both or after b in both, then these quanti- 
ties in those series are said to be similarly arranged ; otherwise they are said to 
be oppositely arranged, 

40. Two combinatory products^ which contain the same simple factors but in 
different order, are equal to each other or opposite in value according as the number 
of oppositely arranged pairs of factors is even or odd. 

Thus, Q=( — lyP, where P and Q are the two products and r is the num- 
ber of oppositely arranged pairs of factors. 

Proof. If every pair of adjacent factors in Q were similarly arranged in 
P and Q, then, evidently, P and Q would be identical, and there would be no 
oppositely arranged pairs of factors in the two. If then there are oppositely ar- 
ranged pairs of factors in P and Q, there must be at least one pair of factors ad- 
jacent in Q, which as compared with the same in P, is oppositely arranged. 
Suppose after this pair of factors is interchanged in Q we call the result Q,. 
Then Qj=— Q (37). Evidently P and Q, will have one less pair of oppositely 
arranged factor pairs than P and Q, Thus if r was the number at first, Q, and 
P will have r— 1 such pairs. If r is not 1, there must be another such factor pair 
in Q, and P. Repeating the operation we get Q,=( — 1)*Q. If therefore there 
were r oppositely arranged factor pairs at first, 

Q=(-1)^P. 

41. If B is a combinatory product containing r factors and C one containing 
s factors, then 

[ABC]={-\Y'IACB']. 

Proof. Let C=^c^c^.,. c,. Then since there will be a change of sign 
(87) each time Cj interchanges with one of the r factors of 5, 

[ABc^c^, . . .C|]=( — l)''[^c,5c2C3 cj— (—1 )*■( — ! )''[i4c,c,5cs fj 

-=(-ir[^c,CaC3....r,^l=(-l)"-[^C5]. 

42. If A, B, C are products containing respectively, q, r, s factors, then from 
the preceding article it is plain that 

[ABClr^i^-iy+'^+^CBA]. 

43. If two simple factors of a combinatory product are equal, the product is 
zero. 
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Proof. P«, 5+P5,a=0 (38). 

Then, if 6=a, Pa.a=0. 

44. A combinatory product equals zero if a numerical relation exists between 
its simple factors. 

Let o,=ar,a^ + af3ag -f . . . .€y^n„. Then 



=0 + 0+ 



(29) 



(43). 



45. The combinatory product of n simple factors which are numerically de- 
rivable from the n quaiitities ttj , Oj, a„ equals the determinant formed from the 

numerical coefficients in their values times [a^a^^ > . •<in]* Thus 



a 
a 



1 1 

SI 



or 
a 



1 2 • • 
82 •  



a 



in 



a 



ni 



a 



nn 



[a^a^a^ aj. 



For, the product on the left side equals by (28), 

where the n subscripts 8, t, to assume in turn all the values from 1 to n. 

Now those terms of the distributed product in which two or more of the a*s are 
equal disappear by (43). There remains then only those terms which contain 
all the a's used each once. We have now 



[agfif a^cl^i—iyla^a^a^ On] 



UO), 



where r denotes the number of pairs of factors in the left member oppositely ar- 
ranged as compared with [a^a^a^ a,,], fiut this is the law which determines 

the sign of any term of a determinant. See e, g, Salmon^ s Higher Algebra^ §8. 

46. Definition. By the viultiplicative combinations of SLBeries of quanti- 
ties are meant those products which are their combinations without repetition. 
The simple factors are called the elements of the combination. 

47. Every combinatory product of m factors which are numerically expressed 
in terms of the n independent quantities a, , a, . . . .a„ ts numerically expressible in 
terms of the multiplicative combinations of the mth class o/ a, . . . .a^, and each 
of these combinations has for its coefficient the determinant formed out of the m* 



34 



numerical coefficients belonging to its rn elevienta. Thus 



[SflTaa^.S/^ftafc. . . .]=S 



a 



: A 



[Orn, ] 



where r<«< .... 

Proof. Evident from that of Art. 45. 

48. /fa,....a,j are independent^ then their multiplicative combinations of 
any particular class are independent. 

Proof. Let a A -f /5B-f .... =0, in wliich A, B, . . . are the multiplicative 
combinations of any one class formed out of «., ... .a„, and er, ,S . . . , are numbers. 
Let us multiply the equation through by A', the product of all the factors not 
found in A. Then B, C, .... would each contain one or more of the elements 

of /!', and the products [BA'"], [CA'], would each equal zero (43). Then 

we hsiwe n[AA']—0, Now, [-^^'] is not equal to zero. Hence (f=0. In the 
same way we can prove that fi, y, .... must each equal zero. Hence there can 
be no such equation as (rA-\-iSB-t . . =0, which expresses a dependence be- 
tween A, B, .... Thus, A, B, .... are independent. 

49. A combinatory product remains constant when to any simple factor an 
arbitrary multiple, of another is added. . 

Proof. Pa, b^qa=Pa, b+qPa. a (29j -=Pa, 6 (43). 

60. Definition. If- from a series of quantities a second is derived by add- 
ing to any quantity a multiple of an adjacent quantity, then the first series is 
said to be changed into the second by & simple linear alteration. If the operation 
is repeated it is called a multiple linear alteration. 

From what we saw in 49, it appears that the value of a quantity is not af- 
fected by linear alteration. 

51. Definition. The multiplicative combinations of the original units tif 
the mth class is called a unit of the mth order, and a quantity numerically de- 
rived from such units is called a quantity of the mth order. A quantity of the 
mth order is said to be a simple quantity if it can be expressed as the combina- 
tory product of m quantities of the first order; otherwise it is complex. 

The space derived from the simple factors of a quantity (17) is called 
the space of this quantity. A quantity is subordinate to another if its space is. 

52. Definition. The outer product of two units of a higher order is ob- 
tained by merely uniting their simple factors into a combinatory product. 

Thus, [ie^e^ . . .em)(em+i ««)]=[«i«2 - -^^ti]- 

53. In order to multiply two simple quantities, {^ab. . . .] and [cd. . . ."j it is 
sufficient to unite their simple factors taken in order into a sirtgle combinatory/ prod- 
uct [a6 . . . . cd . . . . ] . 
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Proof. — Lei e^ ^n be the original units, *nd let a=2'a«ea, b=2pi^e5, 

c=2ycec, d=2daed. Then 

[(ab )(rd )]=[{2aaea.2/3i,eb )(2'^^<..2(?rfed )] 

=l2{a,/3, [e«e,]}:2'{rA [^cej}] (28) 

=2{a,/3, rA [ieaCt )(Mrf )]} ..(28) 

=^{/y«/?6 rc^a [«a«6 ecCa ]} (52) 

■■=[2aaea.2/3i,et Sreee-^^ded ] (28) 

—-■I do *••«■■ CCL ■••■••J* 

54. CoROLLABY TO 53. — If a simple quantity A is subordinate to B (51), 
then B may be written J5— [^40], where C is a simple factor. 

55. To show that [A{BC)]==[ABC'\y i. e, to show that the associative law 
holds. 

Proof. — 1. When i4, -B, and C are the products of simple factors. The 
truth of this case follows readily from 53. 

2. When A, B, and C are sums of simple quantities, A^=2Aa, B=2B^, 
C=2C,. 

[iA{BC)]=[2AaX2Bi2C,)]=2lA,iB,C,)] (28) 

==2[AaBiCJ] (by 1, above) r=l2Aa.2Bt.2C,] (28) =[ABC}. 

CHAPTER V. 

RELATIVE MULTIPLICATION. 

56. Definition. — In the preceding chapter no reference was made to the 
space in which the factors multiplied were contained. Now, in ordinary multip- 
lication of geometrical magnitudes, there is a limit beyond which one can not go. 
For instance, when one has multiplied the length, breadth, and thickness 
together, he can add no other dimension. This suggests the idea of taking any 
arbitrary number as n for Ihe number of dimensions of the space considered. In 
any investigation, then, what we will call '*the space considered" is that space 
of the original units which contains all the quantities involved. Multiplications 
made with reference to the space considered are called Relative Multiplications, 

57. Definition. — If in a space of the r^th order, the combinatory product 

of the original units e, e, ^n^ is set equal to the scalar unity, and £ is a unit 

of any order, (i. e. either one of the original units or a combinatory product of 
two or more of them), then the complement of EAs +-B' or —E\ where E' is the 
combinatory product of all the units which do not appear in E. The comple- 
ment of £ is +E' when [EE']=-^1 ; and -£' when [££']=^— 1. Let the com- 
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I 
plement of E be denoted by | E, This mark, the sign of the complement, in 

Grassmann is a vertical line somewhat longer that the caps and about as heavy 

as the vertical stroke in cap N. Then 

\E=[EE']E'. 

The end sought is to get IE\E]=+1. To show that this is attained, mul- 
tiply the equation above through by E. Then 

[E\ E]=[EE'][EE']=: + \, 

since whether [£^']=+l or -1, [EE'][EE'] = + l. 

The reason why we have this amt>iguity of sign in the product [EE'] is 
because each original unit is allowed to have either the plus or minus sign. 

In particular we have 

1 1—1, or \iir—a^ 

by multiplying the first equation through by ot. 

58. Definition. — By the Com'plement of any quantity A will be understood 
that quantity | A which is obtained by replacing each product of units in the de- 
rived expression for A by its complement. Expressing the same in a formula 
we have 

M=|(^^,^-^,A%-^ )^ot,\E,+a,\E^ + 



where E^^ E^, are products of units of any order. 

59. The complement of the complevunt of any quantliy A is equal either to 
A, or to —A, according afi'(— l)*'" is + or —, where q and r are the orders of the 
quantity and its complement. 

The Proof depends on 41. 

60. If the order of a space n is odd. \\ A -=A : if n -is even. || A ={ — 1 )M , 
where q is the order of A . 

Proof. — By 59, || yl=( — l)?^** 9M. Then if n js odd, q{n—q) is even, 
whether q be even or odd : but if n is even, then if g is even q{n—q) is even, and 
M q is odd qin—q) is odd. The theorem as stated readily follows. 

61. Definition. — If the sum of the orders of two units is less than or 
equal to the order n of the space considered, then by their progressive product is 
understood their outer product (52), with the provision, however, that the prod- 
uct of the n original units is unity. On the other hand if the sum of the orders 
of two units is greater than the order n of the space, then by their regressive prod- 
uct is understood that quantity \^hose complement is the progressive product of 
the complements of these units. 

Thus, if the sum of the orders of E and F'>n, we have that 



, 



i 
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\[EF]=[\E\n 

where [e/e^ e„]=l. 

The regressive products can be made plainer by an example. Let 5 be 

the order of the space considered, [e^e^ ^5]=1» ^^^ ^^t the product of 

^i=[^i^2^s^4] ^^^ ^9=^[^\^2^s] ^® required. 

Changing the order of the factors of E^, we write -Bs^f^s^i^*] (^7), there 
being two interchanges. Then 

[E^E.2]^=[e^e^e^e^'\[e^e^ei]^^[e^e^e^e^e^e^e2] {^2)=[e^e.^] (Rem. Art. 18). 

Thus the product of E^ and J^^ ^^ the product of their common factors e^ 
and 02* '^^^ question arises, how can the common factors be selected and their 
product formed out of the two given factors ? 

Since jB, and E^ together contain all five of the units and neiter jiff, nor 
I ^2 contains 6, or fg, the product of |£, and {E^ contains all the units except 6, 
and eg. Then IL^i^j] contains the factors of [\E^ l^al' Hence the definition 
of a regressive product. 

62. If q and r are the orders of A and B and n that of the space considered^ 
the order of the -product [AB] \s equal to q-\-r when q-\-r<jn^ hut is equal to q+r-^n 
when q-^rf.n. In the language of the Theory of Numbers if p is the order of the 
product 

p=q-\-r (Modulus n). 

it- 
The proof of this theorem follows the lines of the example of the preced- 
ing article. 

63. Similarly, for a larger number of factors, 

p=(j-f-r+.?+< (Modulus «). 

64. The product of the complements of two quantities is the complement of the 
product of those quantities, that is to say, 

[\A\B]^\[AB]. 

Proof. — 1. Suppose at first that the sum of the orders of and /3 of A and 
B is greater that n, that of the space under consideration. Let A=^2arEr, 
B=2fi,F,, where E^ and F, are units. Then \A=2ar\Er and \B=^2/3,\F, (68). 
Thus, w(f have. 

[\A \B]=[2ar\ Er.2y,\F,]r^2a,/3,[\ErlF, (28) 

^.2a,.fi, I [ErF,-] (61)3-1 2a,/?,[^,F,] (68) 

= \l2arEr.2/3,F;] (28)= | [^5], 
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2. Suppose a+/J=n. Let E and F be products qt the original units. 
Two cases may be distinguished. First, when E and F contain a common fac- 
tor 6,. It is plain that in this case both [EF] and [|£|F] contain common fac- 
tors, so that they are each equal to zero (43). Second, when [EF]=l. Replac- 
ing \E and | F by their Talues from 57 and noting that [F£][i^£]= +-1, we get 
[\E\F]=[EF]. But as [EF]=l, \[EF]=l (57). Thus the law holds for 
units. Then reasoning as in 1, above, it holds for any quantities. 

3. Suppose ar+y^<n. The proof of this case is based on 1. of this article 
by letting A=\A\ B= \ B\ and writing 

\[A'R^=i\A'\B']^iABl 

* 

65. The 'product of the complements of several quantities is the complement of 
the product of these quantities. 

Proved by mathematical induction from 64. 

66. The complevient of a polynomial is the sum of the complements of its parts. 
Proof from 58. 

67. If JE", F, G are units the sum of whose orders is n (the order of the space 
considered), 

\EF.EG]=[EF6]E, 

Proof. — We distinguish two cases : either [EFG] contains equal factors 
or it does not. If it does, then at least one of the units, say e^, is missing in it. 
Now let [EF]=\Q; then by 57 Q must contain e^ ; likewise, let [ItG]-- |i?; then 
R contains e,. Then [QB]=0 (43). Now we have 

[EF,EG]=[\QIR]=\ [QR] (64)= |0=0 (57). 

But [EFG] also equals zero since it contains equal factors (43). Thus in 
this case 

[EF.KG]=\EFG]E. 

If [EFG} does not contain equal factors, then it contains all of the origin- 
al units and no others. Then by 57 and 55, 

I G=[GEF]IEF], \F=[FEG][EG]. 

Since [GEF] and [FECr] are equal to either +1 or —1, they can appear 
on either side of their equations. Hence we can write 

[EF]=[GEF]\Q, [EG]=[FEG]\F. Whence 
[EF.EG]=^[GEF][FEG]\_\ G \F]=IGEF][FEG] \ [GF (64) 



^ 
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'^[6EF]lFi:0'\[0FE]E. . . ,(57)=[OEF][EFO][GEF]E, . . .(41) 

^[EFG]E, 

since IGEF][GEF], as in (57), equals -f 1. 

68. If A, B, C are simple quantities the sum of whose orders equals n, the 
order of the space of these quantities. 

[AB,AC-\=[ABC]A. 

The proof of this formula (based on (67) on account of its length, is omit- 
ted« as are also those of the next four formulas given below. 

69. — 71. If A, By C are simple quantities whose product is of the 0th order. 



69. 



0. 



71. 



[AB.AC]^[ABC']A, 

[AB.BC]=[ABC'iB, 

[AC,BC]^[ABC]C, 



72. If A, B, C are simple quantities and the sum of the orders of A and C 
equals the order of the space considered and B is subordinate (18) to A^ then 

[A.BC]^[AC]B and [CB,A]=[CA]B. 

Remark. — It seems proper to state here that the matter contained in Chap- 
ters II — V is taken direct from Grassmann's Ausdehnungslehre of 1862. What 
the writer has done has been to cut but everything which was not essential to the 
development of the main principles of the work. What to insert and what to 
omit constitutes the chief difficulty. In the following chapters (except Chapter 
VlII) we shall not follow Grassmann very closely. 

CHAPTER VI. 

GEOMETRICAL ADDITION AND SUBTRACTION. 

73. The general theory of the Ausdehnungslehre may be applied in such 
diverse sciences as geometry, mechanics, and logic. We proceed in this and.the 
following chapter to apply it in geometry. 

74. The concepts dealt with in geometry are the pointy line, surface, and 
solid, which may or may not be fixed in position. For the sake of distinction a 
line whose length and direction are fixed but not its position is called a vector, 
(3). A portion of a plane whose direction and extent are fixed but not the posi- 
tion of the plane is called by analogy a plane vector, 

75. As an introduction to the Ausdehnungslehre the addition and subtrac- 
tion of vectors was treated in Chapter I. It is evident from what was given in 
that chapter that plane vectors may be added and subtracted in the same way as 



line vectors. One gels the parts whose sum is a given plane vector by projecting 
the given plane vector on the coordinate planes. 

As we have already treated of lh« addition and subtraction of vectors, we 
proceed to apply the laws of addition and subtraction to points. 

76. We will define a point as an infinitesimal portion of a line and denote 
it by p. When the. point has position we will denote it by pf, in which p de- 
notes the point at the extremity of the radius vector p from the origin, 0. Evi- 
dently a line, oi plane, or solid may be located by means of a ^dius vector in 
the same way. (See 168.) 

Grassmann defines a point as that which has position and uses a single 
letter as A to denote it. In what follows if the /f's be cut out of tbe formulas 
and the p's be given the subscripts of the /''s, Grassmann's expressions will 
result. 

The reasons for using the complex symbol p/), insiead of the simpler A, 
are : (1) Because the concept is complex and therefore for clearness should be 
represented by a complex symbol. (2) Since position is relative, for the proper 
representation of positions an origin is needed. (3) Because this notation shows 
plainly the relation which exists between point and vector analysis. 

77. What we will call unti points all have the same (infinitesimal) unit 
length. This length as also that of the radius vector may be multiplied by any 
scalar, m. Thus mpp denotes the point whose length or "weight," as it is call- 
ed, is vip held in position by />, while pimp) denotes p held in position by Tn/>, t. 
e., m times the length of/'. 

78. The difference between two unit points, since they can differ only in 
position, is a certain distance in a certain direction, t. «., is a vector. (See 3.) 

Thus p/',-p/', =-/',-/',=«■ (4). 

Similarly, mp^>. — »op/',=T»f. 

79. We next seek to find the sum of two or more 
points. What this sum is remains to be determined. 
Grassmann gives an investigation to show that the' sum 

of two unit points is a point on the line joining tbem. We abridge this proof as 
follows : He begins by postulating (1) That whatever ia true of one set of points 
is true of any congruent system wherever situated; (2) That the fundamental 
laws of addition and subtraction (Hj hold. Then he assumes that the sum of 
two points is some point. 

Let, in the figure, p/<, and p/', be 
any two unit points whose sum is sought. 
Suppose pp,+ppt~pt'z- Then revolv- 
ing the whole fignre in the plane of the 
paper through 180°, pp, coincides with 

p/'». P/'j with p/'^. and p/'i with p/>,. Thus we get p/',+p/'i;=p/'^. But by 14. 
pPt+pp,—pp,-tpPf ThtiT] ppr^ppy. This can only happen when they both 
coincide with the midpoint of the straight line joining the two given points. 
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SO. Mechanics gives uh a sioipler and more general interpretation -for the 
auin of two or more points. Let us regard tbe points 
as parallel (infiniteBiinal) forces whose magnitudes are 
represented by the weights of the points. The law 
for the addition of parallel forces gives a simple and 
consistent result. Thus 



'iPPi 



+m,p;»,=(m, +mt)p ( "''^'  ^""* ; 



i. e., the sum of the two weighUd points is a point on the line joining them whose 
weight is the sunt of the weights of the two points mid the extremity of whose radius 
vector divides the line joining the two given points into segments inversely propor- 
tional to the weights of these points. 

That -- ' -- ,  * '  is the vector to tbe point deecribed is evident from 

elementary geometry. Thus regarding tbe two radii vectores going out from 
as axes, it is easy to show by similar triangles that 



m, + ffi, " i),, + m,' '' 

Note. — The letter it which appears on the figure above is a factor 
such that Jbn, and ibn^ equal the segments designated by them. 
• 81, Generalizing the result oj the last article, we have 



^m,pi",=5'i»,.p^— ^^'-j. 



82. When 2m, =0 in the preceding result, the weight of the sum point is 
zero and the radius vector is infinite in length. To interpret this, we get the 
sum of all the points except one and then add this partial sum to the remaining 
point. In this way we obtain an expression similar to that of 7H where the re- 
sult is a vector. 

HenceSm,pp, is a VECTOR when 2m, =0, and a POINT when Sm, is 
not etiual to 0. 

Thus a point at infinity ^f zero weight) is equivalent to a vector. 

83. Using the formula of 80 and putting 

(mi+i«,)=— m, and- ' '  ' ' —/'a, 

we see that m,pp,+mjp/', 4mjP;"g=0, and m, +7Jt(+m,=0, are the conditions 
thai the three points p/i , , p/i^, pp^ shall be collinear and the the vectors />,, />,, />,, 



84. For space of three dimeiiaiona we have (82) 

m,pf'f +ni(P^(+mjp/'3-|-'m^p/i,=0, and m^+^n|-{-vl3+m^^0, 

for the condiliont that the four points pc, , pPx , pi>^, p/'^ ghali be coplanar. 

86. From the eqnationB o/80, 83, 84 we see that two points are independent , 
three or more colUnear points are dependent (10), three non-collinear points are in- 
dependent, four or more coplaner points are dependent, four non-coplaner points are 
independent, and any five or more points are dependent in solid space. 

86. The calcalu^e of this chapter is evidently adapted to dealing with the- 
orems concerning the coilinearity of points in geometry, and the center of paral- 
lel forces in mechanics. 

87. We conclude this chapter with an example. Required to find whether 
the three medians of a triangle meet in a point. 

Let the vertices of a triangle ABC be lo- 
cated by the unit points p/>,, pp^, pp^, and D, E, 
F be the mid-points of the sides. We have then 

If pp denote a unit point at the inter- 
section of AD and BE, and x, y, x', and y' arbi- 

trary ecalars, we may write • 



p/a,4pfl, , , , pfi, +PP, 



Then (20), x^iy', y=y' ; whence x^\y. But x-\-y=l (77). Then T=i, 
y=i. Hence 

pp=ipp, -|-l(^^^J^)=ipPi +*PP, + ipfl,. 

By symmetry we see that the intersect iun of AD and OF must bethp same 
point. Or, supposing to be the intersection u( BE and CF, we may teat A, 0, 
and D for collinei^rity directly. 

A D 

ipPt- I iipP,+ipPt+ipP>)+Hi(.pPt+VP3))^- (8S>- 

It ie evident that the above equations can be interpreted as equations of 
ordinary vector analysis by dropping the p's. In this way is shown the relation 
existing between point and vector analysis. 



CHAPTER VII. 

GEOMETRICAL MULTIPLICATION. 

88. Basing our investigation on the fnadamental law of combinatory mul- 
tiplication (o4), let u8 ieek the product of a non-ponted point (76) and two vectori. 
The vectors are thought of as denoting merely translation a given distance in a 
given direction (See 4—9). Let p denote the point and a and the vectors. 

Suppose 

where e^ and f, are unit vectors at right ang- 
les to each other. Then by 45 

[p«.>]=|J;»;|[p',f.i. 

Now the determinant x,y,— x,^, is the difference between two rectangles. 
Let UR seek the relation, if any exists, between this area and thatof the parallel- 
ogram AOCB. We have 

OArB=ORCE-OACE=BCEn~OAF^ 

=Ky,+2y,)r, — l(j,-|-2i,)j/,=i,y,-r,y,. 

The equation [p'*i^^=(x,yt—Xjy,)lp(^fj] shows, therefore, that if pf,*, 
is taken to denote the area of the unit square the two sides of which are c, and 
E}. pt*^ denotes the area of the parallelogram whose adjacent sides are a and i^. 

Now to assume thatpE,c, is the area of the square is a perfectly natural 
assumption analogous to the theorem in geometry which says, The area of a rec- 
tangle equals the product of the base by the altitude. Thun Qrassman was led to 
define the product a,i as the area generated while a moves (remaining, of course, 
constantly parallel to itself) over a distance determined by ,i. 

Attaching this meaning to p£,f, we think first of the point p moving over 
a distance determined by *, generating a line, and then this line moving over a 
distance determined by e^ generating the square. 

In the next two articles we will drop the factor p and think of the first 
factor as a line rather than as mere translation. 

89. Similarly let us seek the product of two vectors in space. Let 

ff^j,;, -|-j/,e,+2,e, and ,J=9^,fi+3/,f8+Zifj 

where £,, f^, fj are three unit vectors each at right angles to the other two. 
Then by 47, 



Here it iB evident that the first determinant coefficient is the area of the 
projection of the parallelogram wboee adjacent airiee are tr and ,i im Ihe plane 
f,f,, and that the other coefficiente are the 
areas of the corresponding projections on the 
other planes. The above equation expresses 
theo, that the ares of the parallelogram whose 
sides are a and jJ is equal to the sum of its 
projections on the three coordinate planes 
(75). 

90. To find the product of three vectors, 
a, (S, and r- 

Iff|. *t. fj are three mutually perpen- 
dicular vectors, and 



['*'V]= U. yt *» [f.f.fsj (45). 

I *s Vt '* I 

Hence if [fjftfa] is the volume of a cube each side of which is a linear 
nnit, [afir} devotes the volume of the paralleiopiped whose adjacent edges are 
a, (I, Y, since, as is well known in analytic geometry, the determinant expresses 
the number of units of volume in the parsllelopiped. In the AiisdehnungdehTe 
attention must be paid to the order of the factors, t. e. to the order of generation. 
Thus (37) [«/*]==-[,?«], and [«|Jr]^-["r<5]. 

It is apparent from the preceding articles that the Av-idehnungBlehre is es- 
pecially well adapted for the investigation of propositions concerning the areas 
and volumes of rectilinear figures. 

91. To find the product of u posited point and vector. 

Let pf and e denote the point and vector. Following the areal interpreta- 
tion given above this product should be a line whose length is e and whose other 
dimension is the infinitesimal p, the whole fixed in position by the radius vector 
F- 

Nowp(c-|-«) denotes any point on the line through p/j. Then since 

[p(l' +x€)s]=[p,.t]+x[pt€]=[p,.s] CM), 

we see that the product of a posited point and a vector determine a line segment, 
bvt thia line segment may have any position on the vector through the given point. 



92. To find the prodnrl of two ponte<i points. 
Let pp^ and p/-, be two unit paints. Then 

iPl^,■Pl^t]^[pl^,^Pf't—PI'^')], since |j)/'i.p/',]=0. (34) 

But [pi',(pi't—p/',)] is the product of a point and a vector (78) which, by 
91, is the line from the extremity of/*, to that of /i,. 
Thus, The product of two poiiited points in the line join- 
ing the first to the second. 

93. We have illustrated in the last article a 
principle which will be fnuiid ti> hold gcnfrally in the 

Ausdehnungglehre, viz.. That the product of posited quantities which have no com- 
mon figure is some mvltiple of the connecting figure. 

94. To find the product of three posited points. 

Let US use p,, p,, J), lu denote the three unit points instead of pp,, pPt, 
pPg as heretofore. It will be understood when p is used to denote the posited 
point pp. that it stands for the complex tguantity described in 76. 

[PiPiP^]-[p\PtP3} (Kem. 13) =|j'iP.'Pj~p, )], since [pip(p,]=0 by 43, 

But [piT/f] is the line from p, to p, (92), and by 88 the product of a line 
[piPi] *n<^ * vector p^—p, (78) equals the parallelo- 
gram whose adjacent sides are [p,p.j] and [piPj]. 

Thus the product of three given posited points is 
twice the area of the triangle whose vertices are the three 
given points. (93) 

Let p, +7p,+i/p, denote any point in the plane 
of lP,PtPi]- 

Now [p,P(Pj]=twice area oftriangle whose 
vertices arep,, p,, p^; but we have 

[(p,+rp, + ?/p,)(p.-p,)(Pi-p,)]=[p,PjPg] (22. 43). 

This shows that the value of the product remains the sn me whatever be the 
posilion of the triangle [PiPtPa] in the plane of these points. 
9-5. To find the product of four posited points. 
Jj^' Pi< Pt' Pz' Pf represent four unit points. Then 

iPxP,PiP*'i=[pi(p*~Vt)^Pi~P>)(P*~Px)] (43) 

:^6 X tetraedron whose vertices are p,, p,, p,, p^, by 90. 

Let P\+xp^+ypg+zp^ be any point whatever. Then 
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UP^+^Pt+yps-^^P4)(^Pi''P^)(Pfi-p^)(P4-P^)]^[p^P2PfiV4]' (22,43) 

Hence the product of four points in solid space is the savie no matter where 
located. 

96. We have used the terms ^'line'' and ^*line segment" to denote a quan- 
tity whose length and the line in which it must lie are given but not its position 
in that line. Similarly we will use the terms '^plane'' and ^'plane segment'' 
(See 74) to denote the corresponding areal quantity described in 94. Grassmann's 
terms for them are respectively ^'LinientheiV^ and ''FldchentheiL^^ For the 
quantity described in 95 he uses the term "'KorpertheiL^^ 

97. To find the sum or difference of two lines or two planes. 

Let [p^Pt], [PiP^] be the lines, [PiPaPs]* [PiPiPA]^ ^^^ planes, and let 
Pi+PA=^P»^ and Ps— ^4=^- Then 

[P^P2]±[PlPz]^[Pl(P'i±Pi)^=^[p^Ps\^ ^r bi^]i a Jine. (82, 91) 

[p^PiPi]±[P^P2P4]=^[plPi(p:i±Pi)'^=-[PlP^Pi]^ or [p,p,f], a plane. (94) 

98. To find the sum of the sides of a triangle. 

Let pft^ , p/*^, pff^ represent the three vertices of a triangle. Then 

[Pi"iP/'8] + [p/'8P/'«]+[/>/'sP/'i]=[(p/'*-?VM)(p/'s-P/^)]' since [p/^ 

Thus the sum of the three sides of a triangle equals the product of the 
vectors pp^—pp^ and pp%—pp\ . This product differs from the expression for the 
area of the triangle (94) hy the absence of the first factor 
Pff^, An interpretation of the expression given above 
for the sum of the sides which makes it equal to the 
area of the triangle may be had by thinking ofp/* as a 
generative product of p and />. Using the period to 
denote generative multiplication, we have 

p.Pi.pP2=0AB ; p.p2'PP3=^WC ] p.p^.pp^-'-OCA, 

Thus, OA n+OBC-- ()CA--p.p^ -P-P^+P-f^zPfi +pPi'PP3='ABC. 

Remark. — By Grassmann's formulas the sum of the sides of a triangle 
equals its area, for he treats a point as that which has position only, and consid- 
ers that the product of two vectors alone equals the area described in 88. The 
use of the definition of a point given in 76 has the effect of making some of the 
theorems of this chapter depart in certain respects from Grassmann's. The 
writer thinks however that regarding a line as generated by a point in motion 
agrees well with Grassmann's conception of ''generative" multiplication. 

99. IfPi, Pj, Pg, P4, P5, Pn are six points, f,, fg, f,, ^4 are four vectors 
and X is any scalar, by the preceding articles we have the following conditions : 
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(1) P'i^^xpf is the condition that points p, and j^^ coincide. 

(2) [PlP2]=^[P^P4]^ is the condition that the (unlimited) lines [p^Pt] 
and [^3^4] coincide. 

(3) [PiP2Ps]=^lPAPsP9] is t^^ condition that the (unbounded) planes 
[PiPtPsl and [P4P5Pe] coincide. 

(4) €^=x€^ is the condition that the vectors f, and e^ are parallel. 

(^) [^i^t]=^[^s^4] is t^^ condition that the planes of [fff,] and [^3^4] 
are parallel. 

100. A point is regarded as a space of the first order; an unlimited line as 
a space of the second order ; an unbounded plane as a space of the third order ; 
and solid space as a space of the fourth order. See 17 and 85. Since a vector 
may be regarded as a point at infinity, a vector also may be regarded as a quan- 
tity of the first order. See Chapter I. 

101. Relative Products. A Planimetric product is a relative product 
whose factors are in a plane, or space of the third order. A Stereometric 
product is one whose factors are in a space of the fourth order (100). 

102. To find the planimeirie product of two line segments PiPt and P1P3. 
We have 

[PiP«PiPs]=[PiP2P8]Pi- W) 

Here [piPtPs] is a scalar (101, 61). Thus the product is the point of in- 
tersection multiplied by a scalar. 

103. To find the planimetric product of two parallel line segments [PiPt] 

«wd [psPil- 

We have, by hypothesis, Ps— P4=a:(p,— p,) (99, (4)). Then 

[l'.P«I>sP4]=[(P.-Pt)Pt(Ps-P4)P4] (49)=x[(p,-j),)p,.(p,-p,)p«] (Hyp.) 

=a5[(Pi-Pt)P.Pi](Pi-P«) (67)=[(p,~j»«)p,p«](p,-p,) (Hyp.) 

=[PsP«P4](Pi-P«) (49)=[PtPjP4](Pi-Pi)- (38) 

Hence the product is the point at infinity (the vector Pg— Pi) which is the 
intersection of the two lines multiplied by the scalar \!P^p^p^' 

104. The last two articles illustrate a principle of general application in 
the Ausdehnungslehre^ viz., That the relative product of posited quantities which 
have a common figure is that common figure multiplied by a scalar. See 93. 

105. To find the planimetric product of two lines and a posited point. 
Let [piPe] and [piPs] be the lines and p the point. Then 

[piP«PiP8P]=[(PiP2P«)PiP] (13. ftem., 67)=[p,p3P3][p3p] 

since [PiPtPs] is a scalar. (101, 61) 

106. To find the planimetric product of the three line segments [piPt]i 

[PlP«]»[P4P5l- 
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We have [p,Pt^P^Pt^'P4P,iy-=[p^PtPz][P^'P4P5] (^7)=\.PiPiPz^[PiP4P5] 
(55). 

(JoRoi.LARY. If the three line segments are the sides of a triangle we may 

write [ p^p^ I instead of [p^^Pf^"]. Then the product is {p^PtP^Y- 

107. The following general principle is illustrated in the two preceding 
articloH : If at any time the product of factors combined in regular order from the 
left gives rise to a scalar or to a scalar times an extensive quantity^ this scalar is to 
be regarded as a simple numerical factor^ and the extensive quantity part of the 
product, if there is such^ is to be combined with the remaining extensive factors, and 
so on, Huch products are described as mixed, i. e. as both progressive 
and regressive. (61) 

108. The stereometric products of a line and a point and of two lines are 
commutative ; hut that of a point and a plane is non-commutative. 

Let L, denote the line [PiPaJt L^ the line [P3P4], and P the plane 

[PnPtPAl 

I/''iP.i]4PiP».P3i]-[PiPaP8] = [P8PiP8] (40, 55KP3LJ; 
[/.,A,l-tp,p,.p8P4] -[PiPjPsPJ (55)=[psP4.piPg] (40, 55)=[L,L,]; 

[/>4hl>iPtPsP4] -— [P4PiP«P3] (40, 55)=--[p4P]. 

1()9. To find the stereometric product of two non-incident plane segments 

rP,P«P^] ^n«^ TPiPiPi]' 

We have [p,p^PsPiP<P4J"--[>iPaP«P4][i>iP«] (67). See 104. 

110, To find the stereometric product of three plane segments Q^iP^Ps], 

IPiPtP*]* IPiPjiP*] «***>* intersect in/>,. 

[PiP«PaPtP«P4 PiP5tP4] rPiPePaP4][PiP« P1P3P4] (<^'')=l>iP«P3P4]Vi (67). 

Ill* To find the atoeometric protiuct of a plane segment Q^iPsPs] and line 
stgmtikt IP1P4I which do not lie in the same plane ^ Is the product commutatireT 

We have [p,PtP3 PiP4] [/^PtPsP4]P^ ^^7) (See 104). 

A»8o, [PxPiP\PtP\]' [PiP4PtP5]Pi (67v--[/>,p.pjpJ/>, (40). 

112* The stereometric i^roiiuci of two line segments [p,p*] and [^^^4] 
0qnaU trro when and onht when theu lie in the same plane (55. 95) ; the stereometric 
prtHiuct of Iwi* ifuantitifs of the first, second^ or third orders^ hut not both at the 
{NiiN# time of the 9tcx^nd (»rf/i^r>\ equals zero when and only whrn the quantities are 
incidtHl^ I, e. when one falls in the space of the other : as two coincident points, two 
plane ^i^e^meHts if the planes exnncide^ a point and a line- or a plane-.*egment if the 
|K>iMl JiV* in the lint or pline, n line segment and a plane segment if the line lies in 
the plane. 

\\^. Algeb'^tic Curres and Swfaces. The equation of a rarinhU point p 
whiA lies in t\e sii^e strwi^ht line as [p,p*] k« [p p^Pt]~^- kIV2' 

\\4. T\e e^uati-.^H of a ^f'Mig^* tine L which p<i.<<^.< th'^^n^jh the inte^sedi-ii 

s » » * » 
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o/L, and Lf and lies in their plane it [ZJ,£,Z']=0 where [L,LtL] is a planimet- 
ric product (See 106). 

1 16. If Pn,p is a planimetric product of order zero which conlaint the vari- 
able point p, n limes and besides only constant points and lines as factors, then 
Pn,p=0 is the point equation o/ an algebraic curve of the nth order, that is to say, 
the poi7it p moves in an algebraic curve oj the nth order. 

Proof. Letji,, ;>,, p^ be any three points in the plane. Then 



may be any point in the plane. Subetitnting this value of p in P^^p^O there 
results a homogeneous equation of the nib degree in x, , x,, ar, whose terms are 
all of the form ^i"|X*,i^s where o+6+c— n. A is the product of constant lines 
and points, and since ihis product is by hypothesis of the zeroth order, ^ is a 
constant. Regarding x,, x^, x, as trilinear coordinates, we see that Pn,p^=0 now 
becomes an ordinary cartesian equation fur a curve of the nth order. 

llf>. Ak an example we give a proof of Pascal's Hexagram Tbeotem. 

Let p,. . . .ps be five given points and p a var- 
iable point which moves so as to leave p', on the line 
[p'lP*]' P 1' P 1' P a being defined by the following 
equations: p\=[pp,-p^Pt]; P't=[PtPa P1P4]; P'g 

= [PPiP4p*]. [(PPlP»Ps)(PlPj'^PlP4)fPP!P4PB)] = 

is the equation of a conic passing through the 6ve 
given points. For it is of the second degree in p and is satisfied by putting p 
equal to any one of the five given puinls. By changing points into lines in the 
above we have Brianchon's Theorem. 

CHAPTER VIII. 

INNER PRODUrTB, — NORMAL BYPTEMS, — PROJECTION. 

117. Definition.— The Inner Product of two units of any order is tlie 
relative product of the first and complement of the second. 

Thus the inner product of E and Fin [E\I'^. 

Note. — GrasBmann seems to have regarded the outer (52) and inner prod- 
ucts as different in nature. But they both obey the laws of combinatory multi- 
plication, the complement sign indicating a preliminary change to be made in the 
factor following it before il is combined with the other. 

1 18. The inner product of any two iiunnliticH in equal to the relative product 
of the first and complement of the sernnd. 

Proof.— Let ^--«M, 4-. . .+<r,A„. B^,il}, + . . .+,J,fi„, where X, 

Bi are units. Also for the moment lei X signify the inner product. 

Then [AXR]^[(.tr,A, +. . .+»„B,)X (.hJi,+-  ■.--,.««)] 

._.:^V,U-4rX«.]-(2«) 



30 

Now aince ^,, . . . , fi,, . . . , are units, [Ar X B,']=[Ar | 5,]. (117) 
Then [A X ir]=2ar,S.[Ar \ BJ=2[«,^,.2/S. | 5,] (28) 

=[A2.h I B.]=[A I 2.3,B,] (58) =[^ | B]. 

119. The inner product of two quantities of the same order is a number. 
For, letting r denote the order of each factor, the complement of the second fac- 
tor is of order n-r, and the product of the first factor which is of the order r and 
another which is of order n-r is of the nth order, i. e. is a pure number. (61) 

Corollary. — On account of the scalar value of the product^ in this case 
[A\B]^[B\A]. 

120. The inner product of two equal units is unity, while that of two differ- 
ent units of the same order is zero. 

Thus [E, I £,]=1 (57), [Er\E,]=0. (43) 

121. /f -Bj, . . . , ^H (iTC units of any order ^ hut all of the same order ^ then 

[A\B]=[{a,E,-¥, . .+a^En) \ (/^i5,-f . . .+A,£n)3 
=:flr,;^,-fflr8,5j+. . .-fa,A. (120) 

122. If B=A in 121, we get what is called the inner square of A^ which is 
denoted by ^4^; thus we have 

123. Normal Systems. — Definition. — The numerical value of an exten- 
sive quantity A is defined as the positive square root of the inner square of A, 
This definition reminds one of the modulus in complex numbers. 

124. Definition. — Two quantities (which do not equal zero) are said to 
be normal to each other if their inner product is zero. Two spaces are said to 
be every way (allseitig) normal to each other when each quantity in either space 
is normal to every quantity in the other space. 

125. Definition. — A normal system of the nth order is a set of n numer- 
ically equal quantities of the first order of which each is normal to every other. 
If at the same time n'is the order of the space, then such quantities constitute a 
perfect normal system. The numerical value of these n quantities is at the same 
time the numerical value of the system. Every normal system whose numerical 
value is unity is called a simple system. 

126. Definition. — By Circular Alteration is meant that transformation of 
a system by which two quantities a and h of the system are transformed respec- 
tively into xa-f-2/6 and ±(x6— ya), where x^-\-y*=\. The circular alteration is 
said to be positive or negative according as + or — is taken in the double sign. 

127. By circular alteration any normal system is transfo^vied into another 
normal sjfstem having the same numerical value. 
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Proof. — Suppose a, 6, ... to be the quantities of a normal system. 
Then, by definition, 

0-=[a I ?>]=:[a| r]=[6 | c]=. . . , and a^=5«=c*=. . . 

Let now a change into a^=^xa-\-yb and 6 into 6i = ±(aj6— i/a) where 
j5 +i/*^--l. We are to show that a^, b^, c . , . constitute a normal system. We 
have 

a/=(a-a + i/6)^=a;*a'+y*&', since [a \ fc]=0, 

— (x*+y2)a*=a^, by hypothesis. 

Similarly, we ran prove 6,^— 6«. 

* 

Also, [a^ |6J=±[(xa+i/6)|(ic6-i/a)]=:±xi/(6^^a^)-=0. 
Finally, [a, | c]=:[{ocn+yb)c]=x[a | c]+y[b \ c]=0. 

Hence, by definition, a,, b,, c, . . . constitute a normal system. 

128. The combinatory product of quantities of a normal system is unaltered 
by positive circular alteration, and has its sign changed by negative circular alter- 
ation. 

Using the notation of 127, we have 

[n^h^]=[{xa'{-yh)(xb^ya)]=x^\_ab]'-y''[ba] (34)=(x*+y«)[a6]=[a6]. 

12^. All the quantities of a normal system are independent. 
Proof. — Suppose a, 6, c, . . . to be quantities of a normal system. Let 
us assume for the moment that they are not independent and that 

a—i'ib-\-yc-h. . . 

« 

We multiply both sides by |a. ' Then 

a«~5[6 I a] + r[c I a] + . . . ---0. (124) 

But a'— contradicts the hypothesis in 124. Hence the quantities of a 
normal system are independent. 

180. The system of the original units (11) is a perfect normal system whose 
numrriftd value is unity (125). 

Proof. — Let e^, . . , e,, be the original units. Then (120) 

e,*— 65*--. . .— g„«r=l, and 0=[e, | Cj]". . . 

lol. pROJKCTioN. — Definition. — If n is the order of the space considered, 
a,, . . .(1,1 ar^ independent quantities of the first order, i4,, A^, , . ,A„ are the 
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multiplicative combinations of these quantities of any one class, i4,, . .-Mm the 
multiplicative combinations of m of the same quantities a^, . . .a^, and 

A'—a^A^-^a^A^-k-, . »otmA^. 

A' is called the projection of A on the space [a|, a^, . . .a^] by exclusion 
of the space [o,n+i, . . .On]. 

Remark. — We have introduced here for want of a better the geometrical 
term projection to translate ZurUckleitung, Literally ZurUchleitung means **lead- 
ing back." 

132. The projection A' of a quantity ^ on a space B by exclusion of the 
space C is 

[B.AC] 

Proof. — Let the quantities be taken as in 131 and let 

Then lAC]=[(a^A^'i- . . .+^«.^i« -»-'^mri^m4-i + . • .«^n^n)C]. 

But since >li, . . .A^ are the combinations formed out of a,, . . ,a^ and 
Afn^u • . 'A„ those out of a^, . . .a„ which are not at the same time combina- 
tions out of a^, . . .am, then must each of the quantities -^m+i, • . 'An contain at 
least one of the factors of a^+i, • • ■»«, and thus must have a factor in common 
with C. Therefore the terms 

are each equal to zero. (43) Hence 

[AC]=[{a,A,+. . .+or„,A^)C]=a^[A,C] + . . .+irn,[A„,C]. 

.-. [B.AC]^a,[B.A,C]'^. . .+a^[B.A„,C]. 

Since now each of the quantities A^, . . .A^ consists of factors which are * 
contained in B^ then is each of the same incident to B. Consequently, since the 
orders of B and C are together equal to 7i, by (72), we have 

[B.A,Cy4BC]A,, . . .[B.A„C]^\BC]A„. 
and therefore 

[B.AC]=[BC](a,A,+. . . + (y^A„,)-^[BC]A'. 

Now since [BC] is a number, we get 



133. If the projection taken in the same sense of the terms of an equation re- 
place those terms, the result is a trtie equation. 

Proof. — Let Q be the space oq which the projection is made, R that ex' 
eluded and [QR]:=1. Then if the given equation ia 

P=«ii +,*»+. . . 

[PR]=a[AR] + ?[nB] + . . . 

and [Q.PR]=nlQ.AR]+.iiQ.BR]+. . . 

nr, /•'--n-X' + ,iB' + . .  

where I", A', . . . are the projertion* of terms in the given equation. 

134. Dkfinition. — The projection A' of a quantity ^ un a space B by ex- 
clusion of the gpace | B is called the normal projection. 

From 132 we have for the normal projection 

[B.U I g)] 
A - ^^ . 

CHAPTER IX. 

INNER PHODtlCTS, NORMAL SYSTEMS, AND PROJECTION IX GEnMKTBV. 

135. Let I, and i^ be two unit vectors constituting a simple normal sys- 
tem of the seronci order. Then by detinition 12S 

<,(.^I. and (, hs==0, i, | /,=0, 

We have also by detinition of complement (57) |i,=ig and |i,r=_i| 
since these values make i, | i, = i,/.^^l, and i, | (j;^— 1^1,=! (37). Also 
||i,=-i, and||i.=-j, (60). 

Thus we see that taking the complement 
of a vector twice reverses it, t. e. revolves it 
through 380°, ao that we are led to suppose that 
taking it once would revolve the vector through 
90°,. If thia view of the complement can be 
shown to be consistent with the laws of the 
Aw'<leh»ungslehre, we will adopt it. 

We have introduced above the following equations whose geometrical in- 
terpretation we append to each. 

(I) (, i, = l=the unit of area (8S). 
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(2) |i,=— I,, i. t. taking the compleroetit oft, revolves it in the positive 
direction, opposite to the motion of the hands of a watch, into —i^ . 

(3) I, |i,=i,(-i,)=0{34). 

(4) Jjet /'=a;i, +y*t be any vector in the plane. 
Then, S8, 



h,-fy I 't' 



-y,- 



The last value shows that \p is OA', at right 
angles to OA. Thus here again taking the comple- 
ment of a vector revnlves it through 3()° in the posi- 
tive direction. 

136. Comparing now the last part of the preceding article with 126-127 we 
see that the system whose units are i, and (, is transformed by circular altera- 
tion into that whose unitp are ^ and l'>, provided x*-|-j/'=^l, which makes the tensors 
of the new vectortt each equal to unity. Thus circular alteration turns each of 
the units through the same angle in the same direction. 

137. 7/ £, and e^ are any two vectors, e, | f,=^ ti the condilinn that these 
two vectors are perprndicular to each other. 

For, |f, denotes a vector perpendicular to f, and f, | e, -=0 denotes that 
E, and |£, coincide. 

188. Let I,, (,, I3 be three unit vectors constituting a simple normal sys- 
tem of the third order. Then hy Definition 125 

We have also, by definition of complement (57), 

h, --'.'«, !'■--',',. 1'-=^','.; 11'.=^. II ',='.. Il'3==', (fiO). 

Thus we see (89) that the complement of a line is a plane, and the com- 
plement of a plane is a line. 

Let /'— 3(, +yi^+zi^=Any line in space. Then, (58). 

\f^x\ >,+y\ i,+z\ t^^T[>.M]+y[t,',]+zL>,',] 
= — -[(Wj -1/1, )ixt, ~zi, )] (38, 34). 

By 89 the right memher equals the plane 
segment formed with n,— j/ijand k,— ;/,. 

Now !> is perpendicular to each of these 
vectors and therefore perpendicular to their 
plane, For 

[(»^', +?/',+",) I (a;'s-!/',)]=0, and 



since, by hypothesis, [i, | (.]— 0, etc. 

Hence the complement of a vector is a plane perpendicular ti) it. 

139. pKOJECTio:(a , — £«(/<=«, +1/^3 be given to Jind its projection on f , nvd 
f^. respectively. 

Kxpre^aing f as the sum of its projertioiis on f, and f., wp have 

' [•,<=] + K',1 ' '  [•.«.] ' + ['.«,]  

since [/'f^], and [/'f,] are scalars in plane space. 

140. To erjirens /' as the sum of il» projecliona on aiiy three vectors f , , f,, fj. 

141. To express p a» the suvi of its projections on any four points p ^ . p,, 

[PPIP^PJ _[p_PsPi£i.] + [PP.P.P. L _rpp.^p^ (,32). 
[P1P.P1P4] [PiPiPiP.l [p^PiPfP,] . [PiPiPaP4] 

See Articles 95 and fl. The substitution of pp for p (76) in the Inst equa- 
tion may serve to throw light on this case of point projection. 

142. Since the formula of 132 is general in its application, the quantities 
in the equation of 140 may be all pomts, or all vectors, or all lines, or all plane 
vectors. In Ihe equation of 141 the points may all be replaced by planes. 

14.3. Following Hermann Grassmann Jr, in his notes to the Ausdehnungs- 
lehre of 1862, we will illustrate the formula of 132 by some geometrical exam- 
ples. We suppose the quantities considered situated in solid space (4th order). 
(1) To find the projection A' of A on B by exclusion ofC where A and C are 
pointe and B is the plane segment. MN. 

A' is the point where CA pierces B tak^n such that 
A^nC+A'. Pop, multiplying both members of A=nC-i-A' 
by C, we have [AC]=[A'C]. Again multiplying B by 
both members of the last equation, weget [/f.-4(7] = [B.-4'0]. 
But [B.A'C'\=[BC]A' (72); whence A':^[B.AC]'t-[Bc]. 
By symmetry nC is the projection of A on C by exclusion 
ofB. 

(2) To find the projection A' 0/ the plane setiment 
A by exclusion of the point C. 

We have A^=A'-\-P where P is in the plane 
passing through Cand the intersection of ^4 and B. 

Proof follows lines of (1). Begin by multiply- 
ing through by C. 
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We have also P ia the projection of ^ on C by exclusion of fi as in (1). 
144. Suppose {fitq^q^ denotes a plane and [pif^s] a line. Then their 
stereometric product is a scaler times their point of intersection (111). Now let 

by multiplying the members of the first equation by p^ and p, in turn, thus get- 
ting values for x and i/. Now multiply the members of the last equation by 19^ 
and at the same time write \_'f\t<i^<\^ as |(/, (138). Then 

[PiPs l9il9f]=-[Pel9i]tPi l9«]+[Pi l9i][p«l98] 



^r[/>,pJ9,9s]- 



Pi Hi Piht 
Pf hs PsNe 



(55. 64). 



Putting <Ji~p, and q^^-p^ we have 



[P.Pel'~Pi*Pe*~[Pi IP-J'- 
p^— 1 in the same equation, we have 

IP-: hilsj^fPi l9e]l<?i-[Pi hi] he- 

This equation holds also when the p's are replaced by vectors. 
145. Suppose [piPep^] denotes a plane and L a line. Then (111) 

[PiPeP.s^']^a:p,+2/Pe+zp3=[peP.,Zr]p,+[P3Pi^]Ps-»-[PiP«^-']P8 

by multiplying through by [ptVji]. [PsP]]. [PiPa] »» turn, thus getting values 
for X, y, 2. Now for L put | 9, 9, .and multiply the members by \q^. Then 

[PiPfP-vhi^shsl-lPsPa I 9i92][Pi I 93] 

+ [P3Pi l9i9«][P> l93] + [p,p« Iflt^aKPs hal^ 



^^' [PiPfiPs hiflsfls] 



Pl 


9I 


Pi 


<?i 


Pl 


•Js 


Vt 


Hy 


Pf 


92 


P« 


9j 


p» 


It 


P« 


?« 


Pj 


9s 



(55, 64, 144). 



In this equation planes may be substituted for points. 
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CHAPTER X. 



146. Combinatory multiplication gives us a very neat solution of sets of 
simultaneous equations. Let n equations of the first degree containing n 
unknowns be given to find the value of the unknowns. Let the n equations be 

We multiply the first of these equations through by 6^, the second through 
by Cg, and so on, and the last by 6„, (where [c,e| «„]=!), and add the re- 
sulting equations. Then if 

^2 1^1 ' ^2 8^2 ~r • • • • "T ^gn^n^^^^^2 



r 



^Ml ^1 ■T"^»2^2 I • • • • 'T^nn^n — "'^m 
t^^e^ +13^62+ +/5n«n=^, 

we have for the sum of the products referred to above, the equation 

By 20 this one equation replaces or transforms the set originally given us. 
Now in order to find «,» multiply the last equation by [a^a^ . . . .a,,]. 
This gives (52, 43) 

X, [a^ttg . . . .aij=[6ajtt3 . . . .cin] 
or, x=[hafa^ . . . .o„] 

[a^ Oj a„] 

Replacing the a's and & by their values, by 45 we have the usual expres- 
sion for «, in terms of the coefficients. 

CHAPTER XL 

APPLICATION TO TRIGONOMETRY. 

147. Definition. — The angle between two quantities is that angle (<?r) 
whose cosine equals the inner product of the two quantities divided by the prod- 
uct of their scalar coefficients. Thus 

cosZa6 = [a | h]-^ali 
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where a and 6 are two quantities and a and tS are their numerical values (123). 

Again, if a, 6, c. . . . are quantities of the first order, a, iS^ y. , . , are their 
respective numerical values, s'miabc....) is that numerical quantity which 
p(jual8 

[a h c. . . .] 



n^iy . . . 



and is not negative. Thus (123) sin'^(abc) 



[a fo c . . . . ] * 



14S. Jj a and b are quantities of the first order, 8in(afe)=sin Z_a6. 
Proof.— 8m-(a6)--^-g-J^-- ^ .^g ' -^ (144) 

==^'^t^\l23)=l-I4f-(123) 

-^=1 — cos* Za6=8in*Za6 (147). 

Then if sin(a?)) is never negative and Za6<7r, sin(a6)=8inZa6. 

149. If o', ,?, y, 6 are the numerical values of a, 6, c, d, by 147 and 148, 

[nb I cd]^=afi}'Ss'\n Z afcsin Z cdcos Z (ab.ed). 

150. 7'/i6 normal projection of A on a quantity B of the same order is numer- 
icnlly equal to Acos /_ AB. 

Proof. — If A' is the normal projection of yl on fi (134) 






) 



B 



"^ a COB /_ AB . -T~— (numerically) .^cosZ-^-S. 

151. The two expressions [a[b~\ and [ab], where a and b are vectors, play 
a very important part in mathematics. They occur yoked together in quater- 
nions and apart in the Ausdehnungslehre, typifying the two products, the inner 
and outer. Numerically, as we have just seen, [a | b] is the projection of either 
vector on the other multiplied by the tensor of the other ; [a6], on the other 
hand, is the area of the parallelogram whose adjacent sides are a and 6, or, when 
the tensor of one vector is unity, it is equal numerically to the perpendicular 
from the extremity of the other vector on the first, when they go out from the 
same origin, or, when both tensors are unity, it is equal numerically to the srine 
of the angle between the given vectors (148). 

152. //* a, 6, c, .... are normal to each other and k is any quantity numer- 
ically derived from them, we have 
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= COS /.ak-\ r— cos Z ok+ .... 

Proof. — Let t=ara-f y6+ .... Then to find x multiply each member by 
I a. There results, since [b \ a]=0, etc., [k | d]=x[a \ a]. Finding the value of 
y in the same way and substituting we get the equation as given above. 

153. If a, &,(;... . are normal to one another and k and { are two quanti- 
ties numerically derivable from a, b, 

cos Z ii^cos Z flifccos Z al+cos Z bkco9 Z bl+ 

Proof. — From 147, we have 



cos 



XA L X A J 



[( — COS Z aib + -^cos Z bk+ ) I ( — cos Z al-\ — r-cos Z bl+ )] (152) 

a /7 a p • /J / 

a- , 1 b*^ , 1 1 1 
=—5 cos Z aiccos Z oX +-7vC08 Z oA:cos Z ot+ 

. •. COS Z H^=cos Z afccos Z aJ+cos Z bicos Z 6'+ .... 

154. If a, &, c are normal to each other and k is numerically deriva- 
ble from them, we have by putting l^=k in 153 

l=cos* Z ai+cos* Z bi+ 

155. If a, 6, c, are normal to each other, and k and I two quantities 

numerically derivable from them are normal to each other, 153 gives 

0— cos Z afccos Z ai+cos Z fefccos Z W + 

156. Writing in the formulaof 144 a for pj, 6for p^, c for g,, d for 9, gives 
sin Z a6sin Z cdcos Z (a6.cd)=cos Z accos Z 6d— cos z bccos Z ad. 

In this formula if c and d are replaced respectively by a and c there results 
sin Z afesin Z accos Z (a6.ac)=cos Z fee— cos z. bacos zi ac, 

a familiar formula of spherical trigonometry. 

157. The last formula of 145, by substituting a, 6. c for p, , pg) 1^3i *"d «» 
6, cfor 9,, 9g, 9s gives (147) 

8in^(a6c)=l— cos* z. 6c— cos* Z-ca— cos* z_a6+2cosz.6ccosz.cacos/.a6. 



40 

158. The formula (a4-6)^=a^-F 2[a | fc]+62=ar«+2a,5co8i.a6+6« gives 
the familiar extension of the Pythagorean proposition. 

159. Let a, b, c be plane segments whose sum is the fourth face of a tetra- 
edron of which they are the other three (75). Then 

(a-f'b+e)^=a^+h^+c* -^^Ih \ c]4-2[c | a]+2[a | b] 

=a« -{-,3^ + y^ +2/?^co8 L bc+2aycos l. ca+2fl'/9cos l ab, 

which is the extension of the preceding result to space. 

In words : — The square of the base of any tetraedron is equal to the sum 
of the squares of the lateral faces dimished by twice the products of each parir of 
lateral .faces times the cosine of the diedral angle between them. 

CHAPTER XII. 

APPLICATION TO ANALYTIC GEOMETRY. 

160. Let Pt^ Pi^ Pi represent three unit points, and suppose their product 
is unity (57). Then 

[PiP2P«]=[pi(P2Ps+;>sPi+;>,P2)]=i. (43) 

But if p denote any, other unit point in the plane of [pi/^jPg], by 94 we 
may replace p^ by p in this product, getting 

[>(P2P3-f-P3Pl+PlP2)] = bl(Pl+P«+P3)]^l- (57,58) 

Let Pa denote a unit point which is the mean of the reference points. Then 
Pi-\-p2+Pi=^Ps (81). Substituting this value of p^+p^+p^ in the equation 
above, we have 

3[p |pj=:l, or in solid space, ^[p \p,]=:\, 

161. The equation p^=xp^ +yp« +2ps represents a straight line, provided x, 
1/, 2 satisfy a linear equation, as ax-^by-^rz—O. 

To see this let us eliminate z. Then 

p= {x{cp,-ap^)+y{cp„''bp^)}. 

Thus, by 80, p lies on the right line through cp^—ap^ and cp^^bp^, 

162. The equation [pPiP8]=^» ^^ which p^ and p^ are constants and p is 
a variable is the equation of a straight line (94). 

The equation [pL]- (), where p is a point and L a line is the point equation 
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of a ttraight line if p i$ variable and L is constant, and the line equation of the 
point p if L is variable and p is constant. 

163. The Cartesian equations of the central eonica, the 
ellipse and the hyperbola in the inner product notation (151) 



m-a^-H 



where i, and t, are unit vectors along the major and minor axes and /' is the 
radius vector from the center to any point. Suppose we set 

Then the equation for the central conies reduces to 

/'l#=l. 

164. DiFFKKENTiATioN. — Let /' be a radius vector from an origin to a 
curve AB. Then if/' be made to approach indefinitely close to />,, we have 




in the direction of the tangent at A. This is taken to be thi 

meaning of -j— no matter whether /• be a pedor from the 

igin 0, or a point moving from B to A on the curve AB. 

165. The function ^(163) poBaessesthe property that fi\ (/>,>,— fi, |^/-. Thus 

leii. Differentiating the equation /. \^/'=l (163), we get 
d,. I (*/.+/. I M/'=2dr 1 flS/.=0. (165) ' 

Now if <f/' ia parallel to the tangent at the extremity of/-, (p/' is parallel to 
the normal (124). 

U i; and /'„ be vectors to any point of the tangent and normal, respective- 
ly, and /', that to the point of contact, the equation of the tangent may be writ- 
ten t(/'(-^i)l^^i]=0. <"■ [/'<l ^/'i]=-"^l. «nd that of the normal [(/'„—/',)!*/', ]=0. 
The /''s may also be thought of as representing points. 

1 67. Let p^. /( j , p3 denote the vertices of a reference triangle whose sides 
are of unit length and /* any point in Iheir plane. Then |p,=/),pj, Ipj^/),/),, 
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t .Ps=PiPs) ^^^ P\Pii PlPty P \Pi ^^^ proportional to the perpendiculars from p 
on the eeveral sides of the triangle (94). 

We shall consider only honaogeneous equations. For, if any equation 
should not be homogeneous in p, all that is necessary to make it such is to intro- 
duce the factor l=Sp\Pt (160). Now the most general form of the equation of 
the second degree in trilinear coordinates is 

a[p\p,y+b[p\p,y+c[p\'p,y+2d[p\p,][p\p,] 

+^e[p\p,][p\p,]+2jlp\p,][p\p,]=0. 

Let [Kap,+fp^+ep3)p\p^]+[(fp, '^bp^+dp^)p\p^] 

+ [(«Pi+dp8+cp3)p|p3]=^. 

When this value of ^ is substituted in the preceding equation it reduces 
to p I ^p=0. Hence p | ^p=-0 is the equation for all quadric curves whether cen- 
tral or non-central. Had quadriplaner coordinates been employed and the cor- 
responding expressions constructed, an equation would have resulted represent- 
ing any and all quadric surfaces. The same method may be used in getting the 
equation of the quadric in n-dimensional space. 

Remark. — The introduction of the ^ function from Hamilton into the i4ti8- 
dehnungslehre is due to Professor Hyde. {Directional Calculus^ page 103). He 
shows that point analysis gives a means of changing the ordinary Cartesian 
equations into equations analogous to those of trilinear coordinates and then of 
generalizing the application of the equation p | ^=0 to include the case of quad- 
rics, central and non-central. 

APPLICATION TO MECHANICS. 

168. A force is completely represented by a point vector. We will de- 
note a force by Fp, where F denotes the length and direction of a vector, indi- 
cating respectively the intensity And direction of the force, and ft is the point of 
application. It is apparent here that two letters are needed to properly repre- 
sent the complex concept of a force. (See 76). 

158. In Chapter I, we saw that the sum of two vectors is the diagonal of 
a parallelogram whose adjacent sides are the two given vectors. Then the sum 
of two forces, or their resultant, is the diagonal of a parallelogram whose two 
adjacent sides represent the two given forces. Similarly, all the results obtained 
for vectors in that chapter hold equally well for forces. The condition for 
equilibrium of forces acting on a particle at the extremity of p is evidently 
i2F)p=0, or 2F=0. 

169. The formulas obtained in Chapter VI evidently hold true when the 
points are replaced by infinitesimal forces, as parallel forces acting on particles, 
and also when they are replaced by finite parallel forces. (See 80). 

170. Let the resultant of the forces acting on a rigid body be denoted by 
R. Then if €=p^p^ 



\ 
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This result, called a ^'Wrench," contains two parts, a vector and a plane 
segment part. The vector 2F represents the translation force, and the plane 
segment 2F€ gives the plane and magnitude of rotation. When the above 
result is interpreted geometrically, %, e. when 2F is thought of as a line, and 
2Fe as a plane segment, R is called a *'Screw." 

171. If -R reduce to a single force, then by 34, R*=0, We have then 

R^^{2Fp^ +2F€y=2{2F,2F€)p,=:0. 

This shows that 2F and 2Fs must be parallel (112), i. e. the resultant 
force is parallel to the plane of the resultant couple. Evidently 2F,2F€==^0 is 
satisfied also either by 2F=0 whence /2=a couple, or by 2F€=0^ which makes 
of ft a single force. If all of the forces lie in a single plane, the resultant can be 
reduced to either a single force or to a couple. 

172. For equilibrium we itiust have (170), 2F=0 and 2F€=0, 

178. A total resultant effect may be reduced to a single force and a couple 
whose place is perpendicular to the force by properly choosing the point of application. 
Proof. — 

R=2Fp,+2Fip^p,)^2Fp,^2Fip^'-p,)+2F(p-'P,). 
Let 2F(r-'Py)=\€. Then 

R=2Fr,-^2Fip,^f^,)+\€. 
Now the condition that 2Fp2 shall be perpendicular to | f— -5'i^(/tfg— />,) is 

{\e-2F(r,-^r,)\2Fr,= \s\2Fr,-^2F(p,^P,U2Ff.,=0, 

..-. \2Ff^z.2if^^-^f^,)F=- \2Fp^€, (64, 38), whence 

\2Fp,.2(r,-- ^r,)F ^ \2Fp,e 
{2Fp,)' "" i2Fp,)r 

Comparing the left member of this equation with the formula of 132, we , 
see that the right member is the value of the orthogonal projection of /Wj— /», on 
a plane perpendicular to 2Fp^, 

Multiplying 2Fp^ by the members of the last equation and interchanging 
the factors of 2{p^-^p^)F, we get 



SubstitutiDg the laat value of SFXp^^p^) in the firet equation of this 
article, we have 

which gives the required reductioo. 

CHAPTER XIV. 

APPLICATION TO LOGIC. 

174. The law of the inner product is e^,=0. For in 117 if F is different 
from E, l^E[F] contains equal factors and is therefore zero, (43). This 
law, which is the opposite of that of the outer product (34), is made the basis of 
the study of spaces. Now a space in the Auadeknvngalehre corresponds to a ayn- 
cept or notion in logic. Hence the former science can be applied in the latter. 

175. Definition. — Tbe Combined Space, or the sum of two spaces, ia the 
totality of quantities which belong to one or other of them (17). 

170. Dbfinition. — The Common Space, or the product of two spaces, is 
the totality of quantities which are common to both, (see 104). The product of 
two spaces which have no quantity of the first order common is zero (174). 

Thus, using °iL,Lt) and "(L,!^,) to denote the two spaces which contain 
these lines, we see that L, is the common space. 

177. The mm of the orders m and n of two sjiaeea equals the sum of the orders 
p and q of their common and combined spaces. 

Evidently m+n duplicates the number expressing the order of the com- 
mon space, and p+q does the same. 

178. All the laws of space analysis continue to hold true in logic when the 
word "space" ia replaced by the logical term "concept." 

Proof. — It is evident from the definitions 175, 176 that "(« + «)='' f, and 
'^(e.e)=°e, and also that "e^+'ei '8 greater or less than and''(ef).°(e,)=0. when 
r is greater or less than e. But these are likewise the basic formulas of logic. 
(See H. and R. Grassmanns' Formenlehre, B. II., Die Begriffslehre, oder Logik, 
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1872, page 48. See also Encyclopedia Britannica article 'Logic/ section 35, par- 
agragh 6.) 

179. Two spaces can contain equal simple quantities only when they over- 
lap. Thus if A =abcd and A'=ab'c'd\ these spaces have a'6cd'in common, and 
quantities in a'bcd' are in both A and A\ But E and F have no simple quanti- 
ties in common. Since they are of the same size and lie in the same plane £and 
F in geometry would be equal (94) ; but in the theory of space or logic they are 
altogether different, having not one point, element, or bit of surface in common. 
It is highly important to note this difference if the reader is to avoid 
misconception. 

180. The aaaodative and commutative lawn for addition and multiplication 
hold for space analysis. 

Proof. — It is evident from the definition 175 that o+6=6+«- Similarly 
from the definition in 176 it follows that a6=6a, and abc=a(bc). 

181. Every «uw, n.^A, or product ^ CA)*^^ formed from the same space^ ^A, 
equals this space. This follows from proof in 178. 



182. One can add to any space 
a product of two spaces, one of whose 
factors is the given space, without alter- 
ing its value. ThuH 

'A^^'A+A^B. 



One can multiply any space by 
a sum of two spaces, one of whose parts 
is the given space, without altering its 
value. Thus, 



Proof. — The product ^A^B is that part of ^^ which is common to both 
factors, 176. But adding a part of ^A to ^A gives ^A by 181. In the other case 
we see that what is common to ^A and ^A+^B is *^^. 

183. // °^-f °J?=°5, °yl.°5= 



".4. 

Proof.— ^^.°5=°^(°.4+°5) (Hyp.) 

^-A (82) 



Proof.— 0^+05=0^054 2V^ (Hyp.) 

=°^°fi+05« (181) 
=05(0^ .^05 (Digt. Law) 

='^5(182) 
184. Unity added to any space gives unity, and any space multiplied by 

unity gives the same space ; nought added to any space gives the same space, and 

any space multiplied by nought gives nought. 

Proof. — The last three of these results are self-evident. From the first 

we have 



1-=1(1 + 1X^^) (182) 

:^]+A (Dist. law and 2. of this Article.) 



185. //■ .4 4-0=^5+ C and also A.C^'^B.C, A=B. 
Proof.— ^^ = '^^(^^+"0) (182)--="/l("^+^C) (hyp.)--M.^5+M^C (Dist. law) 
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Definition. — The Non-Space or Complementary Space of°A iBthatspace 
\^A {read unn-A) which contains all the units not found in °A, and none of the 
units which are found in '^A, 

187. The sum of a space °A and \'^A is unity: the 
product of a space "A and \A is zero. 

Proof. — The truth of the second part of the theorem 
follows directly from 176. For the other we write, by 184, 

°A+\^A=CA+\''A)\. 

But by 176 the product of two spaces cantains all 
the quantities which are common to both. Then all the quantities of the left 
member °A + \°a are contained in |. But °A and | °A contain all the units there 
are. Then ] coutains all possible units. 

188. All non-gpaees of the tame spaces are equal. 

Proof. — Suppose {"A and \°A, to be two non-spaces of °A. Then 
"-4 + |''..4=l=°A+|''.4, ; whence by 185, remembering that °A.\°A=^0 and 
°A.\''At=0,\''A=\''A^. 

189. The non-space of the non-apaee of a given space is the given spare. 
Proof.— \Vebave|M+Ip4=l=|°^+''A,and|P^.|'A=0=:°.ArA(187). 

Whence, by 185. \\°A=°A. 

190. We give below four diagrams with descriptive names. 




I dpiitloBl Spaces  Incident Space. Catdng Spaces. DiaJUDftlve Spaces. 



191 . Each of two spaces is incident to their sum. The product of two spaces 
is incident to each of them. Unity is the highest space, to which all other spaces 
are incident. Nought is the lowest space, being included in all other spaces. Com- 
pare the use of unity here with its use in Chapter V. 

The theorems already given will suffice to show that the language and 
subject matter of the Ausdehnungslehre can be utilized in the study of logic. The 
material for this chapter ia taken from Robert Grassmann'a Ausdehnungslehre 
(Slettin, 1891). Robert Grasemann aidpd his brother Hermann in the prepara- 
tion of the Ausdehnungslehre of 1862 and the Formentehre of 1872, and - was 
always deeply interested in the subject. 

The artfcle in the Britaiinica already referred to and Professor Stokes' 
article in the January (1900) number of The American Mathematical Monthly 
show that there is considerable diversity of opinion regarding the philosophy 
underlying the application of mathematics to logic. 
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